CENTRAL KAHLER METRICS

GIDEON MASCHLER

ABSTRACT. The determinant of the Ricci endomorphism of a K&hler metric is called its
central curvature, a notion well-defined even in the Riemannian context. This work investi-
gates two types of Kahler metrics in which this curvature potential gives rise to a potential
for a gradient holomorphic vector field. These metric types generalize the Kahler-Einstein
notion as well as that of [BM1]. The central curvature is treated whenever possible in
analogy with the scalar curvature, and the metrics are compared with the extremal K&hler
metrics of Calabi [C1, C2]. An analog of the Futaki invariant is employed [FR1, FR2],
both invariants belonging to a family described in the language of holomorphic equivariant
cohomology [Cr, Lu, Z]. It is shown that one of the metric types realizes the minimum of
an L? functional defined on the space of Kihler metrics in a given Kéhler class. For metrics
of constant central curvature, results are obtained regarding existence, uniqueness and a
partial classification in complex dimension two, using [Yu, Dm]. Consequently on a man-
ifold of Fano type, such metrics and K&hler-Einstein metrics can only exist concurrently.
An existence result for the case of non-constant central curvature is stated, with the proof
given in [HM].

1. INTRODUCTION

Of the many curvature notions in higher dimensional Riemannian geometry, scalar curva-
ture holds one claim to simplicity by virtue of being a generalization of the Gauss curvature
which is still a mere function on the given space. This work investigates another such
curvature potential that we term the central curvature. Although the notion belongs in
the Hermitian, or even Riemannian arena, we confine ourselves to Kéhler geometry, in the
context of the search for distinguished metrics on compact manifolds.

Classically, the scalar curvature is viewed as the trace of a linear map, namely the Ricci
endomorphism. Correspondingly, the central curvature is its determinant. Since the Ricci
form on a Kéhler manifold is determined by the volume form, according to the formula

(1) p = —i00logdet g,

it is perhaps not surprising that this curvature potential may be employed for the con-
sideration of volume decreasing holomorphic maps between manifolds with negative Ricci
form [Kb3]. What is perhaps less expected, is that much of the theory of K&hler metrics
with distinguished scalar curvature has central curvature counterparts.

For example, the announcement [BM1]| describes, even in the more general Hermitian
context, a functional whose critical points are metrics with constant central curvature. This
is the analog of the K-energy map used for metrics of constant scalar curvature.

More fundamental to our approach is the appearance of a cohomological invariant B,
a character on the Lie algebra of holomorphic vector fields. Its non-vanishing provides
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an obstruction to the existence of metrics of constant central curvature (cf. [FT]). For
metrics of constant scalar curvature, the associated invariant Fj,) is the well-known Futaki
invariant [Ft1, Ft3]. The latter, however, obstructs existence only in a fixed K&hler class [w].
It was originally introduced for [w]| = ¢y, i.e. when the Kahler class is the first Chern class
of a manifold of Fano type. In this context it provides an obstruction to the existence of
Kahler-Einstein metrics. The latter have both constant scalar and central curvatures, and
indeed it was shown in [FR1, FR2] that, in this setting, ., = B. This gave an additional
form for the Futaki invariant which was systematically exploited to relate it with various
secondary characteristic invariants. However, the definition of B, unlike that of F, also
shows that this invariant contains information pertaining to metrics in all Kahler classes.
Moreover, B is well-defined even for manifolds which are not of Fano type. Both B and
F. belong to a family of invariants associated with the elementary symmetric functions of
the Ricci endomorphism, and are treated in this work within the framework of holomorphic
equivariant cohomology [Cr, Lu, Z].

As it will be shown that the existence problem regarding metrics of constant central curva-
ture is largely settled through Yau’s resolution of the Calabi conjecture [Yu], it is important
to note that B is significantly related even to metrics for which the central curvature is
not necessarily constant, but instead is a holomorphy potential of a gradient holomoprhic
vector field. We call both the metric and the vector field central. The analogous definitions
using the scalar curvature give the extremal metrics and vector fields of Calabi [C1, C2].
These were originally defined using a variational principle, but the associated Euler-Lagrange
equation leads to a distinguished gradient holomorphic vector field, with the scalar curvature
serving as the holomorphy potential.

If an extremal metric has a non-trivial extremal vector field, the Futaki invariant can-
not vanish on it. More importantly, there exists a duality pairing which intertwines this
functional with the extremal vector field [C2, FM, H2|. This pairing is realized by a non-
degenerate bilinear form on a subalgebra of the gradient holomorphic vector fields, which is
also a Kahler class invariant [FM]. Moreover, a second natural invariant bilinear form may
be used, and then the resulting duality associates with the Futaki invariant a vector field
which is not the extremal one, but rather the distinguished vector field of a Kahler-Ricci
soliton (or quasi-Einstein metric).

Pairing the invariant B with each of the two bilinear forms also gives two types of dis-
tinguished vector fields, and therefore two types of (central) metrics, differing by whether
the central curvature, or rather its Laplacian, constitute the holomorphy potential. Metrics
of constant central curvature are, of course, associated to the trivial vector field, and thus
belong to both types.

Although this outline and a sizable part of this work demonstrate that the theories of
extremal and central metrics proceed, to a large degree, in parallel to one another, there
appear to be marked differences with regard to existence and uniqueness. For example, it
is not known whether the existence of an extremal metric in one Kahler class implies an
existence of such metrics throughout the cohomology cone of Kahler classes. Examples are
known for which this either does not hold, or else uniqueness within a particular Kahler class
fails [Tf]. In contrast, whenever they exist, central metrics of constant central curvature do
fill the entire K&hler cone (In some examples this holds for arbitrary central metrics as well).
They also have good uniqueness properties, at least on manifolds that admit non-Ricci flat
Kéahler-Einstein metrics. In fact, on a manifold of Fano type, the existence of such a metric
implies the existence of a Kihler-Einstein metric.
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On the other hand, it is likely that central metrics exist on fewer manifolds than extremal
metrics. For example, all Hirzebruch surfaces admit extremal metrics, whereas at least
within the framework of a particular ansatz, we can show that only the first one admits a
central metric of the first type, of non-constant central curvature [HM]. Moreover, at least
for the case of nowhere vanishing central curvature, the existence of such a metric is tied
with particular asymptotic growth rates of all dimensions of the sheaf cohomology groups
associated with (powers of) the anticanonical line bundle. The corresponding relation for
metrics with nowhere vanishing scalar curvature is much weaker.

We proceed to describe the content of the various sections of this work. Central curvature,
metrics and vector fields are defined in Section 2, and compared with the scalar curvature and
the extremal metrics. Section 3 gives a summary of holomorphic equivariant cohomology,
following [Cr, Lu, Z]. After defining B and F|, in Section 4, they are reinterpreted in
Section 5 as integrals of closed (holomorphically) equivariant forms, which are built out of
equivariant extensions of the Kahler and Ricci forms. A by-product of these formulas is a
simple derivation of a localization formula for the invariants, already found in [T] for the
Futaki invariant. The invariants B and F|, are then placed in a family of n + 1 invariants,
each of which is related via the duality pairings to the elementary symmetric functions of
the Ricci endomorphism. Finally, the two above mentioned bilinear forms are described in
holomorphic equivariant terms.

Sections 6 and 7 deal mainly with central metrics of the second type. Following a similar
result in the extremal case [H2], a lower bound is derived on the L? norm of the Laplacian of
the central curvature, for metrics in a fixed Kahler class, where the class satisfies a technical
assumption. This topological bound is achieved exactly by central metrics of type II, and
for these it is non-zero precisely when the central vector field is non-trivial. In Section 7
the equivalence of B and F,, is used to show that there exist manifolds for which at least
a very closely related topological quantity is non-zero. This is significant since we do not
give explicit existence results for type II central metrics with a non-trivial vector field. The
section concludes by further applying the equivalence of the invariants on manifolds of Fano
type to deduce relations between the central and extremal vector fields.

Section 8 gives existence and uniqueness results, almost exclusively for metrics of constant
central curvature. The first striking fact is that Yau’s solution to the Calabi conjecture im-
plies that such metrics exist in any Kéhler class, provided they exist in one such class. Also,
unlike the situation for extremal metrics, the various central curvatures of central metrics
on a given Kahler manifold are either all, or all not, constants. More importantly, because
such metrics have Ricci forms of constant signature, vanishing theorems of Demailly [Dm]
and others allow us to deduce, from their existence, the growth rates for the dimensions
of cohomology groups alluded to above. This leads to a class-uniqueness theorem for such
metrics on manifolds admitting non-Ricci-flat K&hler-Einstein metrics, and also to a par-
tial classification in complex dimension two, featuring examples in all Kodaira dimensions.
These considerations of existence and uniqueness imply that on a manifold of Fano type,
Kahler-Einstein metrics exist if and only if metrics of constant central curvature exist in all
classes.

Finally, in Section 9 we state the existence result for central metrics of the first type, and
compare it to known results about extremal metrics locally conformal to Einstein metrics
on the same class of spaces [Dr, HS2]. The proof is given in [HM].
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2. Ricci DETERMINANT AND RiIccCl TRACE

Let (M™, g) be a compact Kahler manifold. We denote by w its Kéhler form, and by p its
Ricci form. Recall that the two are related by formula (1).

A holomorphic vector field = := =y is called gradient if its (metric) dual (0, 1)-form is
0-exact:

(2) ’Lsfw = gf

We also write = := (9f)#. The function f := fz is determined up to an additive constant,
and is called a holomorphy potential.

More generally, the Hodge decomposition of the (0,1)-form a metrically dual to a holo-
moprhic vector field = is of the form

a =ay + 0f,

with oz harmonic and f a complex valued function (where the term involving 0* vanishes
by the holomorphicity of = and the Kahler condition). The component 0 f will be called the
gradient part of the vector field, and at times the latter may still be denoted Z;.

The 0-Laplacian A := 0*0 4+ 00* will be denoted simply A.
Definition 2.1. The central curvature of g is the function C satisfying
(3) p/\n — Cw/\n.

A Kahler metric g is called central of type I (II) if and only if C' (AC) is a holomorphy
potential, i.e. the vector field Z¢ := (0C)# (Eac := (OAC)#) is holomorphic. We call Z¢
(Eac) the type I (IT) central vector field.

Remark 2.2. The central curvature C' can also be characterized as the determinant of the
Ricci endomorphism, or via the equation

det p
4 = .
(4) ¢ det w

Here det refers to the complex determinant, and C' is of course well defined because w is
non-degenerate. Note that if C' is constant, it is central of both types, and the corresponding
vector field is the trivial one. Kahler-Einstein metrics (i.e., metrics for which p = Aw, with
A constant) provide examples of central metrics with constant central curvature. When we
refer to central metrics without mention of type, we always mean type I.

Remark 2.3. In Section 8 it will be shown that the existence of representative metrics of
constant central curvature throughout the Kéhler cone in H"!'(M), where M is of Fano
type, is guaranteed by such existence in the first Chern class c¢;, where the metrics are
necessarily Kéhler-Einstein. This relation to distinguished elements in the central class of
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the cone is what inspired the above terminology. The volume forms of such metrics were
called volume-Einstein in [Mb1].

As mentioned in the introduction, in more than one occasion we will be comparing the
central curvature with the scalar curvature, which is the metric trace of p,

s = (p,w).
The equation for top dimensional forms corresponding to (3) is
(5) sw™ = 2np AW

The associated distinguished metric notion was defined by Calabi in [C1]:

Definition 2.4. A Kahler metric g is called extremal if it is critical point of the functional

w/\n
6 — 2
(© o— [ 52

with domain the Kéahler metrics having representatives in the class [w]. Here s, denotes the
scalar curvature of g.

Over compact manifolds, this takes a form closer to that of the definition of a central metric,
since one has:

Proposition 2.5 (Calabi [C1]). For M compact a Kdhler metric is extremal if and only if
its scalar curvature is a holomorphy potential, i.e. =, = (0s)¥ is holomorphic. We call Z,
the extremal vector field.

Here metrics of constant scalar curvature are associated with the trivial vector field, and
again, K&hler-Einstein metrics serve as examples of the latter.

Remark 2.6. One may ask here what notion in the extremal setting corresponds to the
division into types of central metrics. It seems that an investigation of Kahler metrics for
which As is a holomorphy potential has not been carried out. However, denoting by py the
harmonic component in the Hodge decomposition of the Ricci form, then, since p and pgy
belong to the same Dolbeault class, Hodge theory guarantees that there exists a smooth real
valued function F, called the Ricci potential, such that

(7) p — pu = 100F

(cf. [GH, Chapter 1, Section 2]). The Ricci potential is determined only up to an additive
constant. Kahler metrics for which it is a holomorphy potential are primary examples of
Kihler-Ricci solitons, or quasi-Einstein metrics [Ki, Co, Gu]), where 0F is at least the
gradient part of a holomoprhic vector field. Now, taking traces in equation (7), we see that

1
(8) AF = —5(3—50),

where s; is the average scalar curvature, sy = [,, s/ [,, “r (here the Hard Lefschetz
theorem is used to conclude that the trace of py is harmonic, and therefore constant).
Thus Kahler-Ricci solitons together with extremal metrics could be compared with the
two types of central metrics. Taking this point of view one might associate C' with F’
rather than s. To some degree this is supported by the cohomological treatment of the
following sections. However, it is not a natural stance to take judging from the similarity
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of equations (3) and (5), or from the fact that both s and C are particular elementary
symmetric functions of the Ricci endomorphism. It will be shown in Section 5 that the
latter can all be treated essentially within the same framework.

3. HOLOMORPHIC EQUIVARIANT COHOMOLOGY

An invariant of a cohomological nature is associated to central metrics of either type.
It is the analog of the well-known Futaki invariant. In this section we set up a proper
cohomological background for the description of such invariants. Our treatment follows [Lu],
see also [Z, W, Cr, Bt1, Bt2].

For a compact complex manifold (M, J), let

QM) = P apU(M),
q—p=r
where QP?(M) denotes the smooth (p, g)-forms. Given a holomorphic vector field = on M,
define the differential operator

85:5—2

[1

Since

5% = —(515 + 255) = 0,
it follows that (2*)(M), dz) constitutes a differential complex, where *) denotes the range
r=—n,—n+1,..n—1,n. We denote the resulting cohomology by Hg)(M), if r is non-zero,
and H=(M) otherwise. Closed forms, or classes in the latter, admit a localization formula.
To state it, we first describe the allowed degeneracy behavior of = at its zero locus.

Assume the vanishing locus Mj of = is a (not necessarily connected) complex submanifold.
Let N = TWOM|,, /TOO M, be its holomorphic normal bundle, with locally constant
complex rank denoted rk(N).

Let Lz € I'(End(NN)) be the endomorphism of N induced by the (complex) Lie derivative
action on T M|z, We make the further assumption that Lz is invertible. In this case
we call Z a non-degenerate vector field.

Integration of an equivariant form in Q(®)(M) against a submanifold of complex dimension
p is defined by integrating its component (p, p)-form. We have:

Theorem 1 (Holomorphic Localization [Lu]). Let M, My and N be as above, with Z non-
degenerate. Given a with [a] € Hz(M),

(9) /M o = (27 /M i)

where Q) is the (complex endomorphism valued) curvature 2-form of an Lgz-invariant con-
nection on N, induced from any Hermitian metric on N, and the determinant is complex.

Remark 3.1. Returning to the case of a Kahler manifold with Kahler form w, if = is a
gradient vector field with holomorphy potential f, then w+ f is a (holomorphic) equivariantly
closed form, by equation (2). One can also consider equivariantly closed extensions of the
Ricci form p. In fact, for a gradient vector field,

(10) 15,0 = (Af) = Aliz,w),

and this relation implies (on compact Kahler manifolds) that the vector field is holomorphic.
In particular, it implies relation (2) (see [Bc2, Yn] or [Kbl, Theorem 4.2] for a statement
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involving any holomorphic vector field). Thus a K&hler metric together with a gradient
holomorphic vector field Z; induce two holomorphic equivariantly closed forms: w + f, and
p+Af.

For a general holomorphic vector field these forms are not closed. Note that if a holomor-
phic vector field = contains a non-trivial harmonic form in its Hodge decomposition, then it
has an empty zero set ([Kbl, Corollary 4.5]). Such a vector field always gives rise to trivial
holomorphic equivariant cohomology [Lu], so with respect to it all dz-closed forms have
vanishing integrals. In section 5 we will have cause to consider even integrals constructed
from the above non-closed forms.

Remark 3.2. We briefly mention the relation to symplectic geometry and the De Rham
model for Borel equivariant cohomology. If the holomorphy potential f of a gradient vector
field is real, then the real part X of Z; is a Killing vector field, and also a hamiltonian
vector field with respect to the Kahler form. When = generates a C* action, its real part
X generates a circle action, and f is the corresponding moment map. The forms w + f,
p+ (1/2)Agf, with A4 the d-Laplacian, will now be equivariantly closed with respect to
dx = d — 1x. The corresponding localization formula for this operator is then equivalent to
Theorem 1.

4. COHOMOLOGICAL METRIC OBSTRUCTION INVARIANTS

In the next section we will associate to each Kahler class in H!(M) a family of invariants.
Each of them gives information about K&hler metrics in the class with a distinguished
curvature potential function. These potentials are essentially the elementary symmetric
functions of the Ricci endomorphism. The non-vanishing of one of these invariants obstructs
the existence of metrics having a corresponding constant curvature potential function.

Presently, we focus on the invariants corresponding to the trace and the determinant,
i.e. the scalar and central curvatures. The former is the Futaki invariant and we begin by
reviewing its most basic features.

Definition 4.1. Let (M,,w) be a compact K&hler manifold with Ricci potential F. The
Futaki character is the map Fy,) : h(M) — C, where h(M) denotes the Lie algebra of
holomorphic vector fields on M, given by

w/\n
11 Fu(B)= [ EF—.
1) @ = [ =2
Remark 4.2. That existence of constant scalar curvature metrics in [w] implies Fi,) = 0

follows from equation (8), since it shows that s is constant if and only if F' is constant.

Remark 4.3. The values of this functional do not depend on the choice of metric in the
Kahler class [w], i.e., it is a Kéhler class invariant [B, C2, Ft3]. We will soon indicate
how this follows from holomorphic equivariant considerations. Note also that the invariance
implies that Fj,; is a Lie algebra character (cf. [C2]).

Remark 4.4. The value the Futaki invariant takes on a given holomorphic vector field is
determined only by its gradient part (cf. [T]). Recalling the Hodge decomposition a@ =
ag+0f of the (0, 1)-form metrically dual to such a vector field, the Futaki invariant evaluates

to
An An

_ AL - W AW
Jf[w](:):/ ;F—:/ (aH,aF)—'+/ 0f,0F) ",
M M n- M n-

n!
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where (-, -) denotes the pointwise inner product induced on (0, 1)-forms by the Kahler metric.
But the first term on the right hand side vanishes after integration by parts since ay is co-
closed. In considering the value of F|,) it thus allowable to ignore the harmonic part of the
vector field.

We now turn to the invariant corresponding to the determinant of the Ricci endomorphism,
i.e. the central curvature. Denoting it B, it is defined as

B(E) == /M div(2)2

An
n!’

with div denoting the complex divergence. Using equation (3) and an integration by parts,
one sees that indeed B = 0 when C' is constant. Again B is also completely determined
by its values on the gradient parts of the holomorphic vector fields. One difference from
the Futaki invariant is that B does not depend even on the choice of Kahler class, but only
on the complex structure of M, and can actually be defined more generally for Hermitian
manifolds, if p is taken to be the first Chern form [FR1, FR2]. Thus the non-vanishing of
B obstructs the existence of any metric with constant central curvature on a given complex
manifold.

5. HOLOMORPHIC EQUIVARIANT INTERPRETATION OF THE INVARIANTS

Both the Futaki invariant as well as B may be interpreted in more than one cohomological
framework (cf. [B, Ft2, FT, Tsl, Ts2, Yo|). Here we show that both invariants discussed
in the previous section, and others that we will define, can be understood as integrals of
closed equivariant forms built out of the two basic ones, w+ f and p+ Af, associated to the
gradient vector field Z¢. Since we have seen that the values of these invariants depend only
on the gradient part of a given holomorphic vector field, the formulas obtained below will
hold generally for any holomorphic vector field, even though the above equivariant forms are
no longer Oz-closed. In the non-gradient case they are likely to be vanishing formulas. For
example, if a vector field is parallel with respect to some metric on the manifold, all Futaki
invariants vanish on it [LSm]|, and so even if its gradient part with respect to another metric
does not vanish, the associated integrals still evaluate to zero.

Proposition 5.1. Let (M,,g) be a compact Kdhler manifold, and Z; a holomorphic vector
field with gradient part Of. One then has:

= — 1 An+1 l/ An
1) FuE) = g | @0 = [ A
1
B(Z;) = ——— Af)
&) =~y ] e+ AD
Proof. For such a vector field, we have
w/\n
2i)= | E;F =
FulE) = [ =P
An An
[ oron®l = [ sors -
M n. n.
w/\n 1 w/\n



CENTRAL KAHLER METRICS 9

where we have used the equality of the 0-Laplacian A with the 0-Laplacian Ay. The last
equality in equation (13) follows from relation (8).
By relation (5), the Futaki invariant equals

1 1
(14) Q—MSO/MfwAn_ = 1) /pr/\w/\"_l.

The right hand side of expression (12), on the other hand, evaluates to
s+ 1) [y S = 3 o A (o) = & [y A1) ) =
ZLn!sOfow/\n - %nfop/\wAnil - %fMAfwAn =

am150 [y f'™ = (n—ll)! Ju fo N,

where we have used the Divergence Theorem in the last step. Comparing with (14), we are
done. The computation for B is immediate. O

Combining this proposition with the Holomorphic Localization Theorem completes a
rather simple derivation of the localization formula for the two invariants. For the Futaki
invariant, an equivalent formula was already given in [T]:

Theorem 2. Let (M, J) be a Kihler manifold, = a non-degenerate holomorphic vector field
and w a Kdhler form of an arbitrary Kdhler metric g on M. Denote by p the Ricci form of
g, and Of the gradient part of = with respect to the metric. Then

Fu(Zy) = (—27r)fk<N>{% /M W+ Hm 1/M (p+ AN A w + Sy

n+ 1)), det(Lz+Q) nl det(Lz + Q)
= rk(N 1 + Af)
B(E) = (=20 ){_(n—|- 1)! /Mo (get(ﬁg ?}- Q) b

where My, rk,det, Lz, 2 are as in Theorem 1.

For a gradient vector field =; generating a C* action, this localization theorem was used
to obtain explicit formulas in dimension 4 for Fj,) in [Ms], generalizing those of [LSm]. The
Morse theoretic properties of the moment map f were employed to this end (see remark 3.2).

Our main interest lies, however, in formula (12) itself. Assume for simplicity only that
= is a gradient vector field. Since the holomorphy potential f is only determined up to an
additive constant, normalizing f by setting

1 An B w/\n_
(15) m/M(w‘Ff) +1—/Mfﬁ—0,

gives the simplified formula

(16) Fuls) == [ o+ AN A+ H™
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Comparing with the expression for B(Zy), one is lead to consider other invariants linear in
Es. Consider the family of n + 2 expressions

(17) AdEp) =~ / (p+ AFY™* A+ F)M k= 0.+ 1,
Y

with —n!F) = Ay and —(n + 1)!B = A,y1. All the A;’s are Kahler class invariants:
a change of Kihler representative w — w + i00¢ results in a change w + f — w + f +
0=,(—i(0¢) + K, where K is some constant. The latter may be ignored because of the
normalization (15) (otherwise one can change the definition of the invariants by subtracting
a multiple of c}* U [w]""7* [, (w + f)"**!, similar to the sy term in the expression for the
Futaki invariant in Proposition 5.1). Similarly, if the Ricci form transforms as p — p + 33,
for a (1,0)-form 3, then p+ Af — p+ Af + égfﬁ (here there is no extra constant since the
value of the Laplacian at the maximum of f has an invariant meaning. This can be seen
from the localization formula, see [T]). Thus both forms change only by an equivariantly
exact form, giving the invariance.

Other than B and F,), we will also be employing two bilinear forms on gradient holomor-
phic vector fields. These are:

w/\n

’C{UJ](Elagz):/ faAfe,
M

n!
and

e — w/\n
’C[w](il,iz):/MfaleQW,

where for the bilinearity of IC[IwI] one assumes explicitly that the holomorphy potentials fz,

are normalized as in (15).
The Kéhler class invariance of IC[IwI] was proved in [FM]. It can be understood via equi-

variant cohomology, since IC[IJ] can be written as an integral of equivariantly closed forms:

U@t fe) AW =) = (03D/(%57) Sy W + f=)" )
N "1 '
1
The invariance of IC[Iw] can also be seen via equivariant cohomology, because =; + =5 has
holomorphy potential f; + f2, and

KLEE) = [ e anvan - [

K5 (E1, Ea)

(Wt A+ Afl)} .

Remark 5.2. In conclusion, note that at least within the framework presented here, for both
bilinear forms the assumption that they act only on gradient vector fields is now necessary,
and one no longer has available the argument allowing the consideration of gradient parts of
other vector fields. However, there is at least complete freedom in the choice of metric, since
if a vector field has zeros, it is gradient with respect to any Kahler metric ([Kb1, Corollary
4.5]), and any gradient vector field has zeros [Lc2, LSm].

6. LOWER BOUNDS ON L? CURVATURE QUANTITIES

We have seen that B provides an obstruction to the existence of metrics of constant central
curvature. In this section its relation to arbitrary type II central metrics is examined. Again
the situation is compared with that of the scalar curvature. For extremal K&hler metrics,
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the basic relation between them and the Futaki invariant is that the latter is, up to an
unimportant factor, K[qu]—dual to the extremal vector field 25 = =, ) [FM]:

w/\n

(18) 2 (Ep) = / fals = 50) - = K1 (E1,Bom),
M n

by relation (13). More precisely, this duality holds perfectly on the reductive quotient
algebra of the Lie subalgebra of gradient vector fields, where IC& induces a non-degenerate
pairing. (Similarly, F,; is IC[IW ]—dual to the distinguished vector field of the Kéhler-Ricci
solitons mentioned in Section 2). Note that the Albanese map of M induces a Lie group
homomorphism between the group of holomorphic automorphisms of M and that of the

Albanese torus. Its kernel is a linear algebraic group whose Lie algebra coincides with the
Lie subalgebra of gradient vector fields [Lc2, LSm].

Remark 6.1. Of all the linear invariants Ay, —n!F,) = A; and —(n + 1)!B = A, 1 may be
considered the simplest, in the sense that in the duality schemes we employ they are the
only ones that determine curvature potential functions that are given by a single elementary
symmetric function (excluding Ag, which determines a trivial constant function). The typical
invariant Ay is K[Iof}-dual to a gradient vector field whose holomorphy potential is a linear
combination of an elementary symmetric function and the Laplacian of an adjacent one in
the characteristic polynomial of the Ricci endomorphism.

Returning to the extremal case, the above duality implies of course that if the extremal
vector field is non-trivial, the Futaki invariant evaluates non-trivially on it. We now review
an L? lower bound that follows from this duality and holds for all metrics in a fixed Kahler
class [FM].

For (M, g) Kahler, denote the L? inner product on smooth functions by

i y\n
< f,h >::/ fhw—',
M n.

with corresponding norm denoted || - ||4. Let

C(M,C,g) —: be the space of all smooth complex valued functions on M < ., . >-
perpendicular to the constants,

[y :=Ty4 —: its (finite dimensional) subspace of all g-holomorphy potentials also <
., . >-perpendicular to the constants, and

g : C3°(M,C, g) — I'g — the orthogonal projection with respect to < ., . >.

Theorem 3 (Futaki-Mabuchi [FM, H2|). Let (M, [w]) be a polarized compact Kdhler mani-
fold, for which the kernel of IC[IWI] 1s included in the derived subalgebra of the gradient vector

fields. If g is any Kdhler metric with Kdhler form representing a Kdihler class [w], and with
scalar curvature s and average scalar curvature sq, then the number .ﬂw}(Ewg(s_so)) depends
only on the Kdhler class.

Er,(s—so) Will still be called the extremal vector field of g.
This was combined in [H2] with:

Theorem 4 (Hwang [H1, H2], see also [Sm]). Let (M, [w]) be a compact Kdihler manifold.
With notations (but not the further Lie algebraic assumption) as in Theorem 3,
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2w/\n _
(19) /A/[(S - 50) 7 > _Zﬁw](‘:wg(s—so)):

The right hand side of this inequality is real and non-negative, and equality occurs exactly
when g is extremal.

Remark 6.2. Since for polarized manifolds (M, [w]) as in Theorem 3, the real number on
the right hand side of inequality (19) depends only on the Kahler class [w], it gives, in
combination with Theorem 4, a lower bound for the left hand side, over all K&hler metrics
in the class.

Focusing back on central metrics, type I (II) central vector fields are ICﬁu]-dual (Kﬁ]-dual)
to B in the same sense as above. So again, B evaluates non-trivially on these vector fields
(whenever they themselves are non-trivial). To save space, we give the analog of the above
L? lower bound only for type II central vector fields, for which the needed properties of IC[IwI]
have already been checked in [FM].

Theorem 5. Let (M, [w]) be a compact polarized Kihler manifold satisfying the assumption
of Theorem 3. For any Kdhler metric g with Kdhler form representing |w|, the number
B(Ex,ac)) depends only on the Kdhler class.

Again the definition of the (type II) central vector field of a metric g is now extended to
Erg (AC)-

Theorem 6. Let M be a compact Kdhler manifold. Let g be a Kdhler metric on M with
Kahler form w and central curvature C'. Then

(20) /M (ACP" > _BE,, 0,

nl -

An

where g : C°(M,C, g) — T'g is as in Theorem 4. The right hand side of inequality (20) is
real and non-negative, with equality occuring exactly when g is central of type I1.

The proofs of the above results are very similar to those of the first set of statements. We
review the most important steps. The pertinent Lie theoretic background here is as follows.
The Lie algebra of gradient vector fields was described above to be the Lie algebra of a linear
algebraic group. Corresponding to the semi-direct splitting of this group, the Lie algebra
decomposes as a sum of a nilpotent radical and reductive quotient algebra [Fj]. The latter’s
embedding and, consequently, the splitting, are non-canonical. However, if a metric has a
group of isometries maximally compact in this linear algebraic group, the reductive algebra
is realized as a subalgebra of the gradient vector fields by complexifying the Lie algebra of the
corresponding non-parallel Killing fields. Note that by a standard averaging argument, in
any fixed Kahler class there is always a metric satisfying the maximal compactness property.
It was proven in [FM] that for any two such metrics, the corresponding extremal vector fields
( in the extended sense) belong to the centers of the corresponding reductive realizations,
and furthermore, one such vector field is mapped to the other by the differential of the
adjoint action of an element of the unipotent radical. See the relevant papers quoted in this
section for further information.
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Proof of Theorem 5. Let p be the Ricci form of g, note that C' is real valued and satisfies
p""* = Cw"™. We now have, for any vector field Zy:

BE) - [ aRk -

n!
An An
[ @mett = [ facti-
w/\n e —
(21) y fz 7Tg(AC)W = Ku(Ef Erga0)),

where we have used integration by parts, and then in the penultimate step, the orthogonality
of the projection .

Therefore, because for any g with Kéhler form belonging to [w], ZEx,ac) is K{u{}—dual to
the fixed invariant functional B, as g varies among metrics with Kahler form in [w], this
vector field can only change by an addition of a vector in the subspace of the Lie algebra of
vector fields on which ICﬁ] degenerates. Since IC[IJ] is metric independent, so is its degeneracy
subspace. But B, being a character, vanishes on vectors of this subspace by the assumption
on the Lie algebra. Thus although =, (a¢) may vary with the metric, B(Z,,(ac)) does not,
and we are done. O

Proof of Theorem 6. We write the Lg—orthogonal decomposition of AC as
(22) AC =7y (AC) +T.
Then,
0 < <7g(AC), my(AC) > = < my(AC),AC —-T >=
< (AC),AC > = < A(my(AC)),C >=
~ o diveErya0) O = = [1diveEnya0) 57 = ~B(Enyac),

where first we have used the orthogonality of the relation (22), then the fact that AC was
real-valued meant that conjugation was unnecessary in the integral, and finally integration
by parts. Combining this again with the orthogonality of condition (22), we have

IACIE = lIm(AC)|lg + ITlg =
—B(Er,a0) +ITIZ > —B(Enac)),
as required. Equality here exactly means T'= 0, or AC = 1,(AC), so g is central. O

7. EXTREMAL AND TYPE II CENTRAL VECTOR FIELDS

In this section we employ known results about extremal metrics to show that non-trivial
type II central vector fields do, in fact, exist, and to relate them to extremal vector fields.
To this end, we first recall the relationship between the Futaki invariant and B.

Proposition 7.1 (Futaki-Morita [FR2]). Let M be a compact Fano manifold. Let g be a
Kahler metric with Kahler form w representing the Kdahler class ¢;. If F' denotes the Ricct
potential of g, then for any holomorphic vector field =,

An An
(23) Fur(E) = / =(F)2— = / div,2%~ = B(2).
M M

n! n!
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This was originally proved using the Calabi-Yau theorem. From the point of view of holo-
morphic equivariant cohomology, the proposition follows since both sides of equation (23),
which are equal to integrals of closed equivariant forms, are also equal to the integral of
another equivariantly closed form, namely (a multiple of) (pz + Apf)"™!, with Apf =
Af — (OF,0f) (see [Ft2]). Put in another, and simpler way, both forms belong to the same
equivariant class.

In the following theorem only, the definition of 7, is slightly altered.

Theorem 7. After a possible reinterpretation of m,, there exist polarized manifolds with
Kahler metrics satisfying

_B(Ewg(AC)) > 0,
and for which this number is a Kdhler class invariant.

Proof. Let M be a Fano manifold having an extremal Kahler metric g of non-constant scalar
curvature in the class ¢;. An example of such a manifold would be the one point blow-up
of CP? (cf. [C1]). Such a manifold either satisfies the assumptions of Theorems 3 and 5
(cf. [Mbl]), or in any case the metric satisfies the maximal compactness property [C2]. By
the equality of functionals in proposition 7.1, B is KZ/-dual to both —(1/2)=,_,, and to
Er,(aC), at least when the projection 7 is taken to be the one in [FM], mapping onto the
reductive quotient algebra. Therefore these must differ by an element on which the character
B vanishes, so it takes the same value on both vector fields. Hence

- 1_
_B(‘:‘ﬂ'g(AC)) - _fcl (_5‘:'5—50) > 0)
where the strict inequality holds since Z,_;, is non-trivial. O

Combined with Theorem 6, this provides evidence for the possible existence of type II central
metrics of non-constant central curvature. Note also that the above implies that 7, projects
AC onto the sum of —(1/2)(s — sg) and a holomorphy potential of a vector field in the
degeneracy kernel of KCZ/.

The following is also a useful observation on the relation between these two vector fields:

Lemma 7.2. The following relation holds between the extremal and the type I1 central vector

fields of any Kahler metric g with Kahler form w:
- 1_
(24) Fu)(Enyac)) = B(_Ez'rrg(sfso))-

Proof. We use orthogonality, reality, and integration by parts, as before.

Tl (Erya0)) =

1 wh" 1 wh"
-3 | (806 -sr = =3 [ m(A0)m(s— s D -
1 wh" 1 wh"
_E/J'MWQ(S_SO)ACW = —§[WA(WQ(S—80))CW =

1 p/\n 1,_
_§/MA(7Q,(3—30))F = B(~35n e

Combining this with Proposition 7.1, we get:
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Corollary 7.3. For any Kéahler metric with Kahler form w on a manifold M of Fano type,

1

(25) f.[w] (E‘rrg(AC)) = fc (_55779(3_30))'

Note that that it is immaterial here that g may not have, in general, a Kahler form rep-
resenting c;, since Proposition 7.1 is an equality of functionals, which in particular will be
equal on the (metric independent) holomorphic vector field —(1/2)Zy,(s—s)-

Furthermore, it follows from this relation that for a type II central metric in ¢; with a
non-trivial central vector field, the L? projection onto the line generated by this vector field
(which is generally different from m,) takes —(1/2)=,_5, onto Eac. A similar conclusion
follows for extremal metrics.

8. EXISTENCE AND UNIQUENESS OF METRICS WITH CONSTANT CENTRAL CURVATURE

As we have seen in previous sections, a large part of the framework for consideration of
extremal Kahler metrics can be imitated for central Kahler metrics. However, with regards to
existence and uniqueness, their behaviour appears non-identical. We have already mentioned
that central metrics of constant and non-constant central curvature (of either type) cannot
exist jointly on a given manifold. This is in contrast with the situation for extremal metrics,
where such joint existence is possible, with the metrics belonging to different Kahler classes.
A complete answer to the existence problem for extremal metrics is, however, not presently
known. Furthermore, at least for a particular class of examples, existence throughout the
Kahler cone and good uniqueness properties in a fixed K&hler class do not hold jointly [Tf].
This section describes the very uniform existence and uniqueness properties of central metrics
of constant central curvature, under the assumption that one such metric is given.

Recall first the Calabi-Yau Theorem.

Theorem 8 (Calabi-Yau [Yu]). Let M be a compact Kdhler manifold. If p is a real closed
(1,1)-form representing c1(M) (if ¥ is a real positive non-degenerate (n,n)-form), then in
every Kdhler class there ezists a unique Kdhler form w, whose Ricci form equals p (whose
volume form equals a constant multiple of ¥ ).

From this one derives the following consequence.

Theorem 9. If M is a Kdhler manifold admitting a central Kdhler metric of constant central
curvature, then every Kahler class in H“'(M) is represented by (a Kdhler form of) such a
metric.

Proof. Let g be a central metric with Kahler form w, Ricci form p and constant central
curvature C. Fixing a Kahler class, let § be the unique Calabi-Yau metric with Kahler form
in this class whose Ricci form g equals p. Then in particular det p = det p, and, again by the
Calabi-Yau Theorem, det © = A detw for some positive constant A. Therefore, the central
curvature C of § satisfies C = %C , and so is constant. O

Note also that the sign of C (if non-zero) is the same as that of C.

Thus, for example, the Kahler cone of a manifold admitting a K&hler-Einstein metric
is completely filled with constant central curvature representatives. Note that there are
manifolds that do not admit Kahler-Einstein metrics, but still admit metrics of constant
central curvature. For example, generalized K&hler-Einstein metrics in the sense of [Mt]
(i.e., metrics with eigenvalues of the Ricci tensor constant with respect to the metric) have
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constant central curvature. The constant central condition is, however, strictly more general
than the generalized Kahler-Einstein one. For example, the general position 3-point blow-up
of CP? admits a Kihler-Einstein metric [Su, TY], and it also admits Kihler classes for which
Fi.) does not vanish identically [LSm]. Such a Kéhler class admits metrics with constant
central curvature by Theorem 9. But these metrics cannot be generalized Kahler-Einstein,
since the latter have constant scalar curvature, which forces the vanishing of the Futaki
invariant. Nonetheless, it seems plausible that every manifold admitting a Kahler metric of
constant non-zero central curvature, also admits a generalized Kahler-Einstein metric. This
is clearly false for metrics with vanishing central curvature.

Turning to uniqueness, the following asymptotic estimates will be employed.

Theorem 10 (Demailly [Dm]). Let L be a holomorphic line bundle over a compact complex
manifold M™, equipped with a smooth hermitian metric having curvature py,. Denote

My (@) =5 {medt | (o)
hi(L) :=: dim h9(M,O(L)).
The cohomology groups with values in L®* satisfy, for large enough k,

has ¢ negative eigenvalues
and n — q positive eigenvalues |’

q( 1Rk k™ q i An n
(26) po(re) < & /M ) ol and
(27) W) = 7 [ (o)™ k)

Corollary 8.1. Given the above, if ¢;(L) admits a positive definite (1,1)-form, it does not
admit a non-degenerate (1,1)-form of any other signature.

Proof of Corollary 8.1. Using the positive definite form pr, for any ¢ > 1, h?(L®*) has an
asymptotic growth rate strictly smaller than k™, by (26) (since M,,(g) = 0). On the other
hand, using (27), the Euler characteristic y(L®*) has asymptotic growth equal to k™. Tt
follows that h°(L®*) also has asymptotic growth rate equal to k™ (for this part one can
also use the proof of the Kodaira Embedding Theorem). Now if there exists another non-
degenerate form gy, in ¢;(L), with gy negative eigenvalues, and gy > 0, then by inequality (26)
again for pr, the asymptotic growth of h°(L®*) must be strictly less than k™ (since Mj, (0) =
(). This is a contradiction. O

This corollary can be considerably strengthened, at least for projective manifolds, for
which it can be shown that if a (1,1)-class admits a curvature form of constant rank (and,
therefore, constant signature), then any other curvature form in this class will have the same
rank and signature [Br]. Using another vanishing theorem we will prove a relevant special
case.

Theorem 11. If a hermitian line bundle L (over a compact complex manifold) has a cur-
vature form which is negative in one direction at each point, than L admits no nonzero
holomorphic sections.

For the proof see [Kb2, Chapter III, before Corollary 1.16].

Corollary 8.2. If the first Chern class ¢;(L) of a line bundle over a compact Kahler manifold
vanishes then it does not admit a hermitian metric with non-zero curvature of constant rank.
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Proof. Assuming the contrary, either c¢y(L) or ¢;(L*) admit a curvature 2-form with at
least one negative eigen-direction at each point, and by assumption they both admit a flat
connection. Thus by summing curvatures, ¢;(L ® L*) also admits a curvature 2-form with
one negative eigen-direction, and so has no nontrivial holomorphic sections. But the trivial
bundle L ® L* does admit such sections. This gives a contradiction. (I

We use Corollaries 8.1 and 8.2 to prove uniqueness results for central metrics of constant
central curvature on manifolds for which the first Chern class has a sign. First we show:

Proposition 8.3. Let M be of Fano type. If a central Kihler metric (of either type) with
Kahler form representing ci has constant central curvature, then it is Kdhler-Einstein.

Proof. Let g have constant central curvature C' with Kéhler and Ricci forms w, p, respectively,
both representing ¢;. Then p"" = Cw”™, with C' a positive constant (since ¢} > 0, which
also implies C' = 1). Now p cannot have a degeneracy locus, or else p"", and therefore w",
would have zeros. But then by Corollary 8.1, p must be positive definite, since so is w.
Hence by the uniqueness part of the Calabi-Yau theorem, p actually equals w. Thus g is
Kahler-Einstein. 0

Remark 8.4. Note that by Theorem 9 and Proposition 8.3, on a manifold of Fano type,
metrics of constant central curvature and Kéhler-Einstein metrics must exist concurrently.

Remark 8.5. When ¢; < 0, a similar proof using —p instead of p shows that every Kahler
metric of constant central curvature in —c; (or any negative multiple of ¢;) is Kéhler-
Einstein. In the third case, ¢; = 0, we use corollary 8.2 to deduce that any metric of
constant (necessarily zero) central curvature and Ricci form of constant rank must be Ricci
flat.

Though an analogous version of Proposition 8.3 is valid for extremal metrics as well
(see [Ft2, Lemma 2.2.3|, or [Ft4]), for central metrics it can be used to deduce a general
uniqueness statement.

Theorem 12. Let M be of Fano type. If M admits Kahler metrics of constant central
curvature, then every Kdhler class admits exactly one Gg-orbit of such metrics, where Gy is
the identity component of the group Aut(M) of biholomorphisms of M.

Proof. For ¢; > 0, by Theorem 9, the class ¢; admits such metrics, and they are all Kahler-
Einstein by Proposition 8.3. The theorem then follows for this class by the uniqueness result
of Bando and Mabuchi [BM2]. For an arbitrary Kéahler class, by the proof of Theorem 9,
the uniqueness part of the Calabi-Yau Theorem 8 and Proposition 8.3 once more, any such
metric has the Ricci form of a unique Kéhler-Einstein metric, and so the cardinality of
Gy-orbits in this class has to be the same as the cardinality of Gy-orbits in c;. O

Remark 8.6. A similar proof applies when ¢; < 0, using the unique Kéhler-Einstein metric
in —c; [A, Yu]. In this case there are no automorphisms, so in particular there is a unique
metric of constant central curvature in every Kahler class. By the last part of the remark
following Proposition 8.3, at least for central metrics for which the Ricci form has constant
rank, the case c¢; = 0 is really the Ricci flat case, which is known by Theorem 8.

Demailly’s theorem provides a relationship between the degeneracy behaviour of the Ricci
form of metrics of constant central curvature, and the numbers h°(M, O((K*)®*)), where K*
is the anticanonical bundle. The above considerations apply similarly to give a result that
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pertains not just to larger classes of central metrics, but to any metric with non-vanishing
central curvature.

Theorem 13. Let M,, be a compact complexr manifold with anti-canonical line bundle K* =
AT If M admits a Kdhler metric with nowhere vanishing central curvature, then for a
unique integer g with 0 < q < n, the numbers h?(M, O((K*)®*)) have asymptotic growth k",
and all other cohomology groups of K* have slower asymptotic growth rates.

The proof is similar to that of Corollary 8.1. The proof of another vanishing theorem [AG,
BU] shows that the other cohomology groups actually vanish asymptotically. Note that the
examples of [HM] of type I central metrics all have nowhere-vanishing central curvature, and
this appeared to be forced by the topology. On the other hand, for the comparable condition
of nowhere-vanishing scalar curvature, one may only conclude an asymptotic growth rate
slower than k™ for the cohomological dimensions corresponding to either ¢ = 0, or else to
q=n.

The above considerations show that perhaps metrics with constant central curvature may
be classified. The following partial classification for Kahler surfaces, which was suggested
by Claude LeBrun, serves as an illustration.

For a Kahler surface, the Ricci endomorphism is represented locally by a hermitian matrix
with two eigenvalues at each point. When the central curvature is constant, the sign of its
determinant is constant throughout the manifold. If it is positive, either both eigenvalues
are positive, so ¢; > 0, or both are negative and ¢; < 0. If ¢; > 0 and such a metric
exists, there exists another such metric with Kahler form in ¢;, by Theorem 9. The latter is
Kahler-Einstein by Proposition 8.3. The Del-Pezzo surfaces which admit such metrics are
well-known. The Kodaira dimension of these surfaces is —o0o. If ¢; < 0, the same argument,
or Yau’s existence theorem for the complex Monge-Ampeére equation imply again that the
space admits a Kahler-Einstein metric and is of general type. Its Kodaira dimension is 2.

The remaining non-degenerate case occurs when the determinant of the Ricci endomor-
phism is negative, i.e. the eigenvalues of p have opposite sign. Such a surface must have
Kodaira dimension —oo, by Theorem 11. This eigenvalue structure also shows that the
surface admits a semi-definite Kéhler metric, and, in the context of a classification of semi-
definite Kahler-Einstein metrics, examples are given in [Pt] which are minimal ruled surfaces
over a base of genus greater than one. The latter are all projectivizations of quasi-stable
bundles.

Finally the determinant could be zero, which implies that ¢ = 0, and so the surface is
not Fano, nor of general type. If one of the eigenvalues is everywhere positive, (so for —p,
everywhere negative), the Kodaira dimension is —oo again by Theorem 11. As examples
one can take (certain) ruled surfaces over a base of genus 1. On the other hand, in the
remaining cases of Kodaira dimension 0 or 1, the vanishing of ¢ implies that the surface is
necessarily minimal. By Corollary 8.2, the Kodaira dimension zero case, for which ¢; = 0,
corresponds, if both eigenvalues are zero, to the Ricci-flat case including tori, K3 surfaces
and their quotients. If one eigenvalue is everywhere negative, the Kodaira dimension is one
and the surface is elliptic.

Note that classifying C' = 0 metrics with a Ricci endomorphism that changes rank from
point to point appears much more difficult.

9. EXISTENCE OF TYPE I METRICS

It is shown in [HM] that type I central metrics (with a non-trivial type I central vector
field) do, in fact, exist. For example,
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Theorem 14 (Hwang-Maschler [HM]). Real-analytic type 1 central metrics with non-
constant positive central curvature exist in every Kahler class of the first Hirzebruch surface
Hy :=P(O(1) ® O©) — P.

These metrics also possess a positive definite Ricci tensor. Note that all Hirzebruch
surfaces H, admit extremal metrics [C1]. At least the construction used in [HM] yields
no central metrics on the other Hirzebruch surfaces. The space H; is, however, the only
Hirzebruch surface that admits an extremal metric globally conformal to an Einstein met-
ric [Dr, Le, HS2]. Such a metric has non-constant positive scalar curvature, and this may
perhaps be considered a rough extremal analog of Theorem 14. Note however, that the
vanishing theorems of the previous section, along with the assumption of either positive
central or scalar curvature, are not sufficiently refined to detect a distinct behaviour among
different Hirzebruch surfaces. Finally, on ruled surfaces over a base of negative genus, there
are metrics with non-constant negative central curvature, but there appears to be no similar
specific statement regarding the sign of the scalar curvature for extremal metrics on such
spaces.
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