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The non-vanishing of the Futaki character gives an obstruction to the existence of Kahler metrics
of constant scalar curvature, having a Kahler form belonging to a fixed Kahler class [6, 4]. It is
shown that, in combination with the resolution of the Calabi conjecture [18], one has an analogous
obstruction on pairs of metrics having Kéhler forms belonging to a fixzed pair of Kdhler classes. If the
difference of the Futaki characters on two classes of fixed total volume does not vanish identically,
there cannot exist a pair of metrics, with Kahler forms in these classes, having the same Ricci
form and the same harmonic Ricci form. When the obstruction vanishes, results in [8] are used to
construct non-trivial examples of such pairs, which are also extremal in the sense of Calabi [3].
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1. INTRODUCTION

In [5, 6, 4], Futaki defined a character on the Lie algebra of holomorphic vector
fields on a compact K&hler manifold. Such a manifold in fact admits a family of
characters, one attached to each Kahler class in the second cohomology group. The
non-vanishing of one of these characters provides an obstruction to the existence of
Kahler metrics of constant scalar curvature (with Kahler form) in the corresponding
class.

The purpose of this note is to show that Futaki’s characters, interpreted via Yau’s
solution to the Calabi conjecture, also give information about pairs of metrics in
distinct Kéahler classes. We call a pair of K&hler metrics a harmonic (Calabi-Yau)
pair, if the two metrics share the same Ricci form and the same harmonic Ricci form.
Such a condition is, of course, overdetermined. It is of interest, however, that there
exists a topological obstruction to its fulfillment. Our results slightly enhance the
following.

Main Theorem. Let M be a compact Kihler manifold, and Q,Q a pair of Kahler
classes having equal total volume. If the difference of the Futaki characters of these
two classes does not vanish identically, then there does not exist a harmonic pair of
Kabhler metrics with Kdhler forms (w,&) € Q x Q. When this obstruction vanishes,
there exist examples of harmonic pairs which are also extremal.

Here an extremal Kahler metric is one which minimizes the L?-norm of the scalar
curvature in its Kahler class (see Calabi [3]). Note that one can easily find examples
of harmonic pairs, each of which is a product of metrics of constant scalar curvature,
or indeed, a product of extremal metrics. One merit of the examples we give, is that
they do not consist of product metrics. To construct them we rely heavily on results
of Hwang [8].

After gathering the necessary preliminaries in Section 2, we demonstrate the ex-
istence of the obstruction in Section 3, and relate it both to Mabuchi’s K-energy
map [13] and to extremal metrics. Section 4 is devoted to giving extremal harmonic
examples.
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2. PRELIMINARIES

2.1. The Futaki Invariant. Let M := M,, be a compact Kahler manifold of com-
plex dimension n. Given a Kédhler metric ¢ on M, with Kahler form w and Ricci
form p, denote by pgy the harmonic part of p. Since p and py belong to the same
cohomology class, there exists (cf. [7, Chapter 1, Section 2]) a smooth real valued
function F', called the Ricci potential, such that

(1) p — pg = i00F.

Unless otherwise stated, we normalize F' to be L2-perpendicular to the constants.
To recall the definition of the Futaki invariant, we denote by h(M) the Lie algebra
of holomorphic vector fields on M.
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Definition. Let (M,,w) be a compact Kahler manifold with Ricci potential F'. The
Futaki character is the map Fy, : h(M) — C given by

_ _ w/\n
(2) Fu(E) :/ =F .
M

n!

Remark. The values of this character do not depend on the choice of metric in the
Kahler class [w] (see [1, 4, 6]), i.e., it is a K&hler class invariant. This invariance, in
fact, implies that F|,) is a Lie algebra character (cf. [4]).

2.2. Scalar Curvature, Extremal Kahler metrics. The relation between the
scalar curvature s and the Ricci potential F', is arrived at by taking traces with
respect to w in equation (1), and then applying the Hard Lefschetz Theorem. One

has?:

(3) AF = s—so  spim (@3%>/<A§>

Note that sy, the average value of the scalar curvature over M, depends only on the
Ké&hler class. It follows from (1) and (3) that a Kahler metric has constant scalar
curvature if and only if its Ricci form is harmonic.

The scalar curvature figures in Calabi’s notion of an extremal Kahler metric through
its L? norm [3].

Definition. A Kéhler metric g with Kéhler form w := w,; on a complex manifold
M, will be cay\lled an extremal Kahler metric if it is a critical point of the functional
9— [y 33%, considered over Kéhler metrics (with Kahler forms) in the class [w].
Here s, denotes the scalar curvature of g.

At times one has an alternative characterization in terms of vector fields. A smooth
complex valued function f will be called a holomorphy potential if the (0, 1)-form
Of is metrically dual to a holomorphic vector field 2 := Z;. Such a vector field is
called gradient. Then for M compact, a Kihler metric is extremal if and only if its
scalar curvature is a holomorphy potential, i.e., in local complex coordinates, s’% =0

(Calabi [3]). In particular, if g is a Kéhler-Einstein metric, or, more generally, any
Kahler metric of constant scalar curvature, it is extremal.

3. THE REFLECTION CHARACTER

3.1. Definition, Invariance. Recall that on a compact Kahler manifold M, the
Ricci form of any K&ahler metric is closed, and its corresponding second cohomology
class in H?(M,C) is the first Chern class ¢;(M). Also, the Ricci form is completely
determined by the complex structure and the volume form, via the formula 27p =
—i00log det g. Hence one has the following two equivalent formulations of the Calabi
Conjecture, which was resolved by Yau [18].

Theorem 3.1 (Calabi-Yau [18]). Let M, be a compact Kdihler manifold. If p is a
real closed (1,1)-form representing c;(M) (if ¥ is a real non-degenerate (n,n)-form),
then in every Kdahler class there exists a unique Kdahler form w, whose Ricci form
equals p (whose volume form equals a positive multiple of V).

3For convenience, we have absorbed into s a factor of —1/2, as compared with the standard
Riemannian definition.
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We now define a new character attached to pairs of Kahler classes, and proceed to
relate it to the Futaki character.

Definition. Let M, be a Kahler manifold, Q and Q two Kahler classes. Let w be a
Kahler form in €2 with Calabi-Yau representative @ in (), i.e. the unique Kéahler
form with Ricci form equal to that of w. Define the reflection potential ¢ := ¢ _
of the pair (w,() to be the smooth real valued function given up to an additive
constant by

pr — pr = 1009,
where py, pg are the w-harmonic and @-harmonic representatives, respectively, in

the class ¢;. The reflection character is defined to be the Lie algebra character
RY . h(M) — C, given by

@) RiE) - [ =@

n!

We call (w,&) a Calabi-Yau (metric) pair, and say they form a harmonic
Calabi-Yau pair, or simply a harmonic pair, if pg = pg.

We proceed at once to show that this invariant is well defined, and indeed, is a
character.

Proposition 3.2. Keeping notations as in the definition, Rg does not depend on the
choice of w in . Furthermore, we have RE = —A’R,g, where A = Ag = o (the

Q/\n
volume ratio of the classes).

Proof. Since w, @ are Calabi-Yau related, one has, by Theorem 3.1, Ao"" = w""
(A > 0). Also, if F and F are the Ricci potentials of w and @, respectively, we have,
i00® = pyy — = pu—p+p—pu = pu — p~+ p— py = —i0OF + id0F. Choosing
® = —F + F, and using the volume form proportionality of the pair, we get

Rg(E) = fM E(Q)wn# = _IME(F)% + fME(F)wn# =

~ JuEE)SF + A [, E(F) 7 = ~Fa(E) + AF4(3),

which is an expression depending, for any fixed =, only on the Kahler classes. The
last statement follows again from the relation between the volume forms, together
with the relation @, 5 = —P5,0. O

Note that on Kahler classes of metrics of fixed total volume, the reflection character
satisfies a cocycle condition:

Rg = —Rg, Rg + Rg = Rg

3.2. Relation To The K-Energy Map. Given a Kéhler class (2, fix a Kahler form
wg € 2. Let ¢, be a one-parameter family of smooth real valued functions such
that ¢o = 0, and w; := wg + 100¢, is a Kahler form. Denoting w := w;, Mabuchi’s
K-energy map [13] is the functional on Kéahler forms in 2, given by

) i= b () = M) == [ ([ Gilsa = st
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Here the upper dot in ét denotes differentiation with respect to ¢, and sy, is the scalar
curvature of w;. The functional p is independent of the path ¢; between wy and wy,
and changes by a constant upon changing the basepoint wy, while M(_, ) satisfies a
cocycle condition. The K-energy map has Kahler forms of metrics of constant scalar
curvature as critical points.

Working for simplicity with Kahler classes of metrics of fixed total volume, the
reflection character can be related to the K-energy map. Fixing wg € Q, if @ €  is
the Calabi-Yau representative of wy in €, define

Voo (W) = B0 (W) — 16,5, (@).

Since the derivative of p(w) along the one-parameter group of diffeomorphisms
obtained by exponentiating the real part of a given holomorphic vector field is exactly
the real part of the Futaki invariant, evaluated on this vector field, the functional v
has its derivative in the same direction equal to the real part of the reflection character
of the two classes, evaluated on the vector field.

3.3. Relation To Extremal Metrics.

Proposition 3.3. Let M be a compact Kihler manifold and Q, Q two Kdéhler classes
(having equal total volume). Suppose w € Q) is the Kdhler form of a Kdhler metric g,
@ € Q its Calabi- Yau representative with corresponding metric g, p = p their shared
Ricci form, F, F the corresponding Ricci potentials and ® the reflection potential
of (w,fl). We will assume as usual that these potentials are normalized to be L*-
orthogonal to the constants. Denote also by A, A the respective 0-Laplacians of the
two metrics. Then we have the following:

A If (w, @) form a harmonic pair then RE = 0.

B If A® is a holomorphy potential, and RE(Eas) = 0, then (w,@) form a
harmonic pair.

C If (w,®) form a harmonic pair, then g has constant scalar curvature if and
only if g has constant scalar curvature.

D If (w,®) form a harmonic pair,and g is extremal, then so is § with respect
to the same holomorphic vector field if and only if A2F = A2F and Zap is
g-gradient.

E If both g and g are extremal with respect to the same holomorphic vector field,
then (w,®) form a harmonic pair if and only if A°F = A?F.

For the proof, recall ([2, 17, 10], see also [15]) that a holomorphy potential f
satisfies

(5) =W = gfa =0 = g(Af)a
and on compact manifolds, the latter relation implies the holomorphicity of =;.

Proof. A and B are proved as for the Futaki character, with the reflection potential
taking the place of the Ricci potential. C follows since the assumptions imply pg =
pr = p = p. For D, the pair being harmonic means ® = 0, which implies F = F.
Using (3), AF differs by a constant from the scalar curvature of the extremal metric
g. If g is also extremal with respect to the same vector field, Zar is g-gradient, and
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using twice the second relation in (5),
(6) OA’F = 1EapP = 18ppP = 5A2ﬁ1 = 5A2F’

so A2F and A2F differ by a constant. But now the volume forms of the two metrics
are equal, so integration of either of these double Laplacians shows, by the Divergence
Theorem, that in fact the constant is zero. Assuming conversely that Zap is g-
gradient and A2F = A2F = A?F, since the first two equalities and the fourth of
equation (6) hold, and its first and last terms are equal, the third equality holds as
well. Since Zap is §-gradient, the relation 1z, ,& = 0 f holds for some function f,
and since it is holomorphic, 1z, ,.p = AdAf follows by (5). Comparing this with the
third equality in (6) we see that AF is a §-holomorphy potential for Zap, since its
g-Laplacian equals Af up to an additive constant. Hence § is also extremal with
respect to Ear. Finally, to show E, we note in one direction again that ® = 0 implies
F = F. The assumption in the other direction means that A(AF — AF) = 0, so the
difference inside the brackets must be a constant. Integrating with respect to w”

and using the Divergence Theorem, again eliminates the constant. Repeating this
argument eliminates the remaining Laplacian, and so we see that F' = F,® =0, and
the pair is harmonic. ]

Now A alone already gives the first part of the Main Theorem. Its last part is
shown in the next section, where we give examples of harmonic Calabi-Yau pairs of
extremal metrics.

4. EXTREMAL HARMONIC PAIRS

In [8], families of extremal Kahler metrics are constructed, generalizing an ansatz
given in [16, 11, 12] for the K&hler-Einstein case. We demonstrate the existence of
non-trivial harmonic pairs of extremal metrics using only special cases of Hwang’s
construction. Recall that we are looking for examples which are not product metrics.
Instead, the metrics live on projectivized vector bundles over products.

4.1. The Construction. The ansatz is given as follows (for details, see the above
papers as well as [9]). Let N := M x M be a product of two copies of a Kéhler-
Einstein manifold M of positive Ricci curvature, second Betti number equal to one
and dimension [. Let w be an indivisible integral K&hler-Einstein form on M with
Ricci form ¢;(M,w) = kw, k > 0. Let p: (L, h) — N be a holomorphic Hermitian line
bundle having first Chern form ¢;(L, h) = nw; + nw,, with h the Hermitian metric, n
a positive integer, and w; = 7w with 7; the corresponding projections on the factors
of N. Also, take B to be the symmetric two-tensor associated with 27¢q (L, h) via the
complex structure on N. Fix positive real numbers a; # as and b, with a; = bn > 0,
1 = 1,2. Let gy be the Kahler metric on N with Kahler form a;w; + asws. The
Ricci tensor ry of gy has constant eigenvalues k/aq, k/az, each of multiplicity [ with
respect to gy, and B has eigenvalues n/aq,n/asy, also of multiplicity {.

Define two functions

2 2
Q(z) = det(I — zgy'B) = H(l — ﬁm)l, T(x) := tr(gn—oB) "N = Z

=1

kl

a; — nx
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Both @ and T - Q are everywhere defined and positive on (—b,b). To emphasize the
dependence on the Kahler class (of the base), we will sometimes write Qa, a5, Ty as-
Next use @ and T to define ¢ : [—b,b] — R by (¢Q)(z) = 2(z +b)Q(—b) —2 [, (00 +
Ay —T(y))(x —y)Q(y) dy, where the constants oy and A can be written in terms of b,
a; and n, by solving the equations ooag+ Aa; = Q(b) +Q(—b) + ffb T(z)Q(z) dx, and

oo+ A = b(Q(b)—Q(—b))—i—fZ) T (z)Q(z) dx. Here a; = ffb r'Q(x)dx, i =0,1,2.
Now ¢ is smooth on [-b,b], non-negative, zero exactly at the endpoints, and satisfies
¢'(£b) = F2. Using ¢, further define two functions u,t on Ly by precomposing the
hermitian norm with a respective function (denoted by the same letter) having (0, 0o)

as domain: logr = fflsr)(l/(b(m))dx and t(r) = ffér)(l/\/gb(x))dx. Note that u has
range [—b, b].
Taking J to be the complex structure on Ly, the above data determine a metric

g=dt*+ (dt- J)* + p*gny — up*B

on the complement Lg of the zero section in L, which extends to an extremal Kahler
metric on the compactification P(L®C) of Lg. Its explicit form allows one to give local
coordinate expressions for the various quantities of interest. If z is a fiber coordinate
such that 0/0zy is the generator of the C*-action, and z1, ..., 29; are coordinates on
N, then on a fiber where Ou/0z; = 0, i = 1,...2l, the Ricci tensor is given by
rin = ~0(6 + $6)(u). 105 = 0, and ro5 = (rw)as + 3(6(08(6Q))) (1) By, with
the prime denoting differentiation with respect to u. The expression for the scalar
curvature is s(u) = T(u) — (¢Q)"(v)/(2Q(u)). Finally, for any smooth function

f:[-b,b =R,
(6Qr"
@ Af() = F55 ),

The condition for such a function to be a holomorphy potential is simply that it
be affine in u, a condition that can be verified directly for s from its expression above
(in fact, s(u) = ¢ + Au). Thus one obtains extremal K&hler metrics in every Kahler
class of the Kahler cone of P(L @ C). These will not in general be of constant scalar
curvature, since the required extra condition A = 0 is obtained (at most) on a real-
algebraic hypersurface of the Kahler cone. The latter can be computed explicitly by
the defining equations for oy and A. These metrics all share the same extremal vector
field up to a constant multiple, which can be fixed upon normalizing the metrics in
their homothety classes.

4.2. Harmonic Pairs. We now give isometric pairs of extremal metrics on P(L@C),
related by a diffeomorphism fixing both p and pgy. The Kahler cone is parameterized
by ai,as,b. We normalize by regarding b as fixed, and consider different values
of ay,as. To obtain extremal Calabi-Yau pairs from this family, we make the simple
observation that Qa, .4, = Qas,a1> La1,a0 = Las,a- Going through the above expressions
in succession we see that og, A, then ¢, u,t and finally the Ricci tensor, s and As all
remain invariant under this permutation of the a;’s. So g4, 4, and ga,q,, for every
allowable value of the a;’s, form an extremal Calabi-Yau pair, in general, of non-
constant scalar curvature (hence, in general, the individual Futaki invariants are non-
zero). To show that this pair is harmonic, we note that by (3), Sa;.4,(%) = Sap,a, (©)
implies Ag, g, Fay a5 () = Ay a1 Fayar (0). Now, since by expression (7) and the above
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permutation invariances, the Laplacians of the two metrics coincide, as operators
on functions of w, the right hand side of the last equality equals Ay, 4, Fay.a, ().
Therefore, so does the left hand side. Operating on the resulting equality again via
Ag, 4z, ONE gets

A2 Fya(u) = A2 Flg a1 (1)

ai,a2 ai,a2
Thus condition E in Proposition 3.3 holds, the pair (wa,,q, ; Way,e;) IS harmonic, and
by condition A of the same proposition,

[Wag,al]
[“)al,az]

0.
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